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Abstract
Approximation properties of sequences of k-positive operators, i.e. linear operators acting in the space of
analytical functions and preserving the cone of functions with non-negative Taylor coefficients, are studied.
Some general theorems which are valid in the space of functions that are analytical in a bounded simply
connected domain are proved.
c© 2010 Elsevier Inc. All rights reserved.
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In this paper we study the problem of approximation of analytical functions in some bounded
complex domain by sequences of linear operators. Some properties of classes of analytical
functions and operators acting in these classes may be found in [4,12]. The problem of
approximation of an analytical function in the unit disk |z| < 1 by sequences of linear operators
was studied in [5]. A definition of so-called k-positive operators acting on analytical functions
and preserving the subspace of functions with non-negative Taylor coefficients was introduced
in [5] (see also [8]) to obtain Korovkin-type approximation theorems.
Some results on the approximation of analytical functions by linear k-positive operators
were also established in [1–3,6,9–11]. The problem of statistical convergence of a sequence of
linear k-positive operators was studied in [3], where the author used the method of [7] and the
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corresponding estimates from [10] for operators acting in the spaces of sequences of complex
numbers.
In this paper, we prove more general theorems for linear operators acting on the space of
analytical functions in a simply connected bounded domain. The results we obtained are new
even for the space of analytical functions in the unit disk.
Let A(D) be the space of analytical functions in a bounded simply connected domain D,
in which convergence is the uniform convergence in any closed part of D. Let φ(z) be any
function mapping D conformally and one-to-one onto the unit disk. It is known that the system
of functions φk(z), k = 0, 1, 2, . . . is a basis in the space A(D) (see [4]). That is, each function
f ∈ A(D) has the following Taylor expansion:
f (z) =
∞∑
k=0
fkφ
k(z), (1)
where
fk = 12pi i
∫
C
f (z)φ−k−1(z)φ′(z)dz (2)
and C is any contour lying in the interior of D.
By the definition of convergence in this space, A(D) becomes a Fre´chet-type space, and an
equivalent seminorm may be defined. For r < 1 we will consider the following seminorm:
‖ f ‖A(D),r = max|φ(z)|≤r<1 | f (z)|. (3)
The following definition is an analogue of the corresponding definition given in [5].
Definition 1. A linear operator T : A(D) → A(D) is called k-positive if T preserves the cone
of functions with non-negative Taylor coefficients.
Let f ∈ A(D) and Tn be a sequence of linear operators from A(D) to A(D). Then by (1) we
can write the following expansion for Tn f (z):
Tn f (z) =
∞∑
k=0
φk(z)
∞∑
m=0
fm T
(n)
k,m .
It is easy to see that the linear operator Tn is k-positive if and only if T
(n)
k,m ≥ 0 for all k, n,m.
Indeed, if T (n)k,m < 0 for some m = m0, we can take a function f ∗(z) =
∑∞
m=0 fm zm with
fm0 > 0 and fm = 0 if m 6= m0, which creates a contradiction with the above definition.
The following theorem on convergence of the sequence fn(z) to zero in A(D) is known
(see [4]).
Theorem A. In order that the sequence fn(z) tends towards zero in A(D) it is necessary and
sufficient that
fn(z) =
∞∑
k=0
fn,kφ
k(z), lim sup
k→∞
| fn,k | 1k = 1
for any n and
| fn,k | ≤ n(1+ δn)k,
where limn→∞ n = limn→∞ δn = 0.
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In order to reveal further characterizations of convergence in A(D), let us introduce another
auxiliary result which will be used as a basic tool in our theorems on convergence.
Theorem B. In order that the sequence fn(z) tends towards zero in A(D) it is necessary and
sufficient that
fn(z) =
∞∑
k=0
fn,kφ
k(z), lim sup
k→∞
| fn,k | 1k = 1,
and that there exists a sequence {tn,k} of positive numbers such that
| fn,k | ≤ tn,k (4)
and
(a) tn,k tends to zero as n→∞ for any fixed k = 0, 1, 2, . . . ,
(b) lim supk→∞ t
1
k
n,k = 1 for any fixed n = 1, 2, . . . .
Proof. If (4) holds and the sequence tn,k satisfies (b), then
∞∑
k=0
rk | fn,k | ≤
∞∑
k=0
rk tn,k .
The series
∑∞
k=0 rk tn,k converges for each r < 1. Therefore, for each ε > 0, we can find a
number k0 such that
∞∑
k=k0+1
rk tn,k < ε;
moreover, condition (a) implies that
lim
n→∞
k0∑
k=0
rk tn,k = 0.
Therefore,
lim
n→∞ ‖ fn(z)‖A(D),r = 0. (5)
Now, let (5) holds. Then the numbers
εn = max|φ(z)|≤r<1 | fn(z)|
tend to zero as n→∞.
Due to (2), for each r < 1, we have
| fn,k | ≤ 12pi
∫
|φ(z)|=r
| fn(z)| |φ(z)|−k−1|φ′(z)||dz|
≤ εn
∫
|u|=r
|du|
|u|k+1 ≤
εn
rk
.
Taking tn,k = | fn,k |, we obtain (a) and (b). 
Let us denote by Ag(D) the set of all analytical functions whose Taylor coefficients fk satisfy
the inequality | fk | ≤ M f gk , where M f is a constant and gk is an increasing sequence of
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non-negative numbers such that lim supk→∞ g
1
k
k = 1. Note that, for the converging series given
below, gk must also satisfy the condition lim supk→∞(
√
gk − √gk−1) 1k = 1. The following
theorem shows that the system of three functions
gν(z) =
∞∑
k=0
g
ν
2
k φ
k(z) ν = 0, 1, 2 (6)
is a Korovkin system in the space Ag(D).
Theorem 1. Let Tn : A(D)→ A(D) be a sequence of linear k-positive operators. Then
lim
n→∞ ‖Tn f − f ‖A(D),r = 0 (7)
for each function f ∈ Ag(D) if and only if
lim
n→∞ ‖Tngν(z)− gν(z)‖A(D),r = 0, ν = 0, 1, 2, (8)
where gν(z) is defined as in (6).
Proof. By definition of the norm in A(D), it follows that, for any function f ∈ A(D) (see (1)),
the inequality
‖Tn f − f ‖A(D),r ≤
∞∑
k=0
rk
∞∑
m=0
T (n)k,m | fm − fk | +
∞∑
k=0
rk | fk |
∣∣∣∣∣ ∞∑
m=0
T (n)k,m − 1
∣∣∣∣∣
= I ′n + I ′′n (9)
holds. From condition (8) with ν = 0, it is easy to see that |∑∞m=0 T (n)k,m − 1| satisfies the
conditions of Theorem B. Therefore, limn→∞ I ′′n = 0. To estimate the term I ′n in (9), it is easy to
verify that, for all m and k,
| fm − fk | ≤ 8M g
3
k
∆2k(g)
(√
gm −√gk
)2
, (10)
where
∆k(g) = min
{√
gk −√gk−1;√gk+1 −√gk
}
. (11)
On the other hand, using Theorem A and condition (8), we obtain
∞∑
m=0
(√
gk −√gk−1
)2 T (n)k,m ≤ 4εn(1+ δn)k gk .
From the last inequality and (10) we infer that
I ′n =
∞∑
k=0
rk
∞∑
m=0
T (n)k,m | fm − fk |
≤ 32Mεn
∞∑
m=0
rk(1+ δn)k g
4
k
∆2k(g)
.
From the conditions on gk , it follows that the series on the right-hand side of the last inequality
converges. Therefore limn→∞ I ′n = 0, and we obtain the sufficient part of the theorem. Since the
functions gν(z) in (6) belong to Ag(D), the proof is complete. 
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Let us assume that the sequence gk has the form
gk = 1+ hk, (12)
where hk is increasing. Then (6) takes the form
gν(z) =
∞∑
k=0
(1+ hk) ν2 φk(z).
We shall show that in this particular case the test functions gν(z) may be chosen as
g˜ν(z) =
∞∑
k=0
h
ν
2
k φ
k(z), ν = 0, 1, 2. (13)
Below, we assume that the following condition holds:
lim sup
k→∞
(√
hk −
√
hk−1
) 1
k = 1. (14)
Theorem 2. Let Tn : A(D) → A(D) be a sequence of linear k-positive operators. Then (8) is
valid for each function f ∈ Ag(D), with gk is defined as in (12), if and only if
lim
n→∞ ‖Tn g˜ν − g˜ν‖A(D),r = 0, ν = 0, 1, 2, (15)
where g˜ν is defined as in (13).
Proof. For each function f ∈ Ag(D), we can get the inequality (9). Then, as in the proof
of Theorem 1, we see that limn→∞ I ′′n = 0. Therefore, it is enough simply to show that the
term
I ′n =
∞∑
k=0
rk
∞∑
m=0
T (n)k,m | fm − fk |,
tends to zero as n→∞.
A simple calculation gives
| fm − fk | ≤ 4Mg2k
[(√
hm −
√
hk
)2 + 1]
≤ 4Mg2k
(√
hm −√hk
)2
∆2k(h)
(
∆2k(h)+ 1
)
,
where ∆k(·) is defined as in (11).
Since ∆2k(h)+ 1 ≤ gk , we have
| fm − fk | ≤ 4Mg3k
(√
hm −√hk
)2
∆2k(h)
.
Using Theorem B and condition (15), we have
∞∑
k=0
T (n)k,m
(√
hm −
√
hk
)2 ≤ 2tn,k(1+√hk)2 ≤ 4tn,k gk,
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where tn,k tends to zero as n→∞ for any fixed k = 0, 1, 2, . . . . Therefore,
I ′n ≤ 16M
∞∑
k=0
g4k
∆2k(h)
tn,kr
k .
By the conditions on gk and (14) we see that
g4k
∆2k (h)
tn,k satisfies conditions (a) and (b) on tn,k
in Theorem B. Therefore, applying Theorem B we get the desired result. 
Theorems 1 and 2 give the Korovkin systems in the space Ag(D), and all these systems consist
of three functions. The following theorem shows that the sequence of functions φk(z), k =
0, 1, 2, . . . is not a Korovkin system in Ag(D). Note that for k-positive operators acting in the
space A(|z| < 1) this result was established in [5].
Theorem 3. For any majorant gk ≥ 1, k = 0, 1, 2, . . . , there exists a sequence of linear
k-positive operators Wn : A(D)→ A(D) satisfying countably many conditions,
lim
n→∞ ‖Wnφ
m(z)− φm(z)‖A(D),r = 0, m = 0, 1, 2, 3, . . . , (16)
and there exists a function f ∗ ∈ Ag(D) for which
lim sup
n→∞
‖Wn f ∗ − f ∗‖A(D),r ≥ 11+ r . (17)
Proof. Given the majorant gm , we consider the sequence of operators
Wn f (z) =
∞∑
k=0
φk(z)
∞∑
m=0
T (n)m,k fm,
where
T (n)m,k =

0, if m < k
δk,m +
(
m
k
)
1
nk+1
(
n
n + 1
)m
gm, if m ≥ k
and δk,m is the Kroneker symbol.
Then for each function f defined in (1) we can write
Wn f (z) =
∞∑
k=0
φk(z)
{
fk + 1
nk+1
∞∑
m=k
(
m
k
)(
n
n + 1
)m
fm gm,
}
and after a simple calculation
Wn f (z) = f (z)+ 1n
∞∑
k=0
(
n + φ(z)
n + 1
)k
fk gk .
This shows that the Wn are linear k-positive operators acting from A(D) to A(D). Since
φm(z) =∑∞k=0 δk,mφk(z), we have
Wnφ
m(z) = φm(z)+ 1
n
(
n + φ(z)
n + 1
)m
gm, m = 0, 1, 2, . . . ,
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and therefore, for each r ∈ (0, 1),
max
|φ(z)|≤r
|Wnφm(z)− φm(z)| ≤ 1n
(
n + r
n + 1
)m
gm .
Thus (16) holds for every m = 0, 1, 2, . . . .
Consider the function
f ∗(z) =
∞∑
k=0
1
gk
φk(z).
Obviously, f ∗ ∈ Ag(D). At the same time,
Wn f
∗(z) =
∞∑
k=0
1
gk
{
φk(z)+ 1
n
(
n + φ(z)
n + 1
)k
gk
}
= f ∗(z)+ 1
n
∞∑
k=0
(
n + φ(z)
n + 1
)k
= f ∗(z)+ n + 1
n
1
1− φ(z) .
Hence (17) holds true. 
Let bk be an increasing sequence of positive numbers, such that lim supk→∞ b
1
k
k = 1. Consider
the following three functions:
bν(z) =
∞∑
k=0
b
ν
2
k
1+ bk gkφ
k(z), ν = 0, 1, 2, (18)
where gk is defined above.
It is clear that bν(z) ∈ A(D); moreover, the functions bν(z) have positive Taylor coefficients.
The following theorem gives a very general result on approximation in A(D).
Theorem 4. Let Tn : A(D)→ A(D) be a sequence of linear k-positive operators. Then
lim
n→∞ ‖Tn f − f ‖A(D),r = 0 (19)
for each function f ∈ Ag(D) if and only if
lim
n→∞ ‖Tnbν(z)− bν(z)‖A(D),r = 0, ν = 0, 1, 2. (20)
Proof. Since bν(z) ∈ Ag(D), it is enough to prove that (20) implies (19). Let f ∈ Ag(D).
Following the proof of Theorem 1, we can write the inequality (9):
‖Tn f − f ‖A(D),r ≤ I ′n + I ′′n .
Since gk ≥ 1, for each k = 0, 1, 2, . . ., we have
| fm − fk | ≤ 2Mgm 1+ bm1+ bm gk .
Here the constant M depends on the function f and is independent of m and k. Using (11),
we can write
∆k(b) = min
{√
bk −
√
bk−1;
√
bk+1 −
√
bk
}
.
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Obviously, for any m 6= k,
1+ bm ≤ 4
(√
bm −
√
bk
)2 1+ bk
∆2k(b)
. (21)
Therefore,
| fm − fk | ≤ Ck
(√
bm −√bk
)2
1+ bm gk,
where
Ck = 8Mgk 1+ bk
∆2k(b)
.
Using this inequality, we obtain that
I ′n ≤ Ck
∞∑
m=0
(√
bm −√bk
)2
1+ bm gm T
(n)
k,m . (22)
By condition (20), the right-hand side of (22) tends to zero as n→∞ for any fixed k. By the
conditions on bk and gk , this part has the majorant αk,n , such that lim supk→∞ α
1
k
k,n = 1 for any
fixed n.
Consider now I ′′n . Obviously,
I ′′n ≤ Mgk
{∑
m 6=k
T (n)k,m + |T (n)k,k − 1|
}
.
By (21), we have the following inequality:
∑
m 6=k
T (n)k,m ≤ 4
1+ bk
∆2k(b)
∑
m 6=k
T (n)k,m
(√
bm −√bk
)2
1+ bm gm .
The right-hand side of the last inequality coincides with the right-hand side of (22). It remains to
estimate only the term gk |T (n)k,k − 1|. From condition (20) and Theorem B, it follows that∣∣∣∣∣ ∞∑
m=0
T (n)k,m
gm
1+ bm −
gk
1+ bk
∣∣∣∣∣ ≤ tn,k,
where tn,k tends to zero as n→∞ for any fixed k and lim supk→∞ t
1
k
n,k = 1 for each n. Therefore
gk
∣∣∣T (n)k,k − 1∣∣∣ ≤ (1+ bk)
{
tn,k + 1
∆2k
∑
m 6=k
T (n)k,m
(√
bm −√bk
)2
1+ bm gm
}
.
Using all these estimates in (9), we complete the proof. 
Let us note that this theorem has many corollaries. In particular, choosing gk = 1 + bk ,
we obtain a theorem on convergence in the subspace of A(D) of functions with coefficients
| fk | ≤ M(1 + bk), and in the case bk = k2, gk = 1 in the space of functions with bounded
coefficients.
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Corollary 1. Formula (19) is valid for any function f ∈ Ag(D) with gk = 1+ k2 if and only if
lim
n→∞
∥∥∥∥Tn 1(1− φ(z))ν − 1(1− φ(z))ν
∥∥∥∥
A(D),r
= 0, ν = 1, 2, 3.
Corollary 2. Let ck = gk1+k2 , D = (|z| < 1) and
C(z) =
∞∑
k=0
ck z
k .
Then (19) is valid for each function f ∈ Ag(D) if and only if
lim
n→∞ ‖Tnz
νC (ν)(z)− zνC (ν)(z)‖A(D),r = 0, ν = 0, 1, 2.
Theorem 5. Let
a(z) =
∞∑
k=0
akφ
k(z).
If the sequence of linear k-positive operators Tn : A(D)→ A(D) satisfies the condition
lim
n→∞ ‖Tnφ
ν(z)a(ν)(z)− φν(z)a(ν)(z)‖A(D),r = 0, ν = 0, 1, 2, (23)
then (19) holds for each function f ∈ Ag(D), with gk = ak , k = 0, 1, 2, . . . .
Proof. From condition (23) and Theorem A it follows that
∞∑
m=0
(m − k)2am T (n)k,m ≤ εn(1+ δn)k(1+ k)2, (24)
where εn and δn tend to zero as n→∞. If f ∈ Ag(D) with gk = ak , then
‖Tn f − f ‖A(D),r ≤ 2M
{ ∞∑
k=0
rkak
∞∑
m=0
(m − k)2am T (n)k,m +
∞∑
k=0
rkak
∣∣∣∣∣ ∞∑
m=0
T (n)k,m − 1
∣∣∣∣∣
}
= 2M {S′n + S′′n} .
By (24), we have
S′n ≤ εn
∞∑
k=0
rkak(1+ k)2(1+ δn)k .
Thus S′n → 0 as n→∞. On the other hand, (24) gives∑
m 6=k
T (n)k,m ≤ εn(1+ δn)k(1+ k)2. (25)
Using condition (23) with ν = 0, we obtain that
ak |T (n)k,k − 1| ≤ εn(1+ δn)k +
∑
m 6=k
ak(m − k)2T (n)k,m .
Due to (24), we have
ak |T (n)k,k − 1| ≤ 2εn(1+ δn)k(1+ k)2. (26)
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Therefore, (25) and (26) imply that
S′′n ≤ εn
∞∑
k=0
rkak(1+ k)2(1+ δn)k + 2εn
∞∑
k=0
rk(1+ k)2(1+ δn)k
and S′′n → 0 as n→∞. 
In conclusion, we give an application of Theorem 2 to a particular sequence of linear
k-positive operators.
Suppose that f ∈ Ag(D) and gk = 1+k2. Consider the sequence of linear k-positive operators
Tn f (z) = f (z)+ 1n
n∑
k=0
φk(z)
n∑
m=0
(
n
m
)(
k
n
)m (
1− k
n
)n−m
fm
such that, for these operators,
T (n)k,m = δk,m +

1
n
(
n
m
)(
k
n
)m (
1− k
n
)n−m
, if k ≤ n, m ≤ n,
0, for other k,m.
Following Theorem 2, we calculate (15) for g˜ν(z) defined as in (13) with hk = k2. We have
Tn g˜0(z) = g˜0(z)+ 1n
n∑
k=0
φk(z)
n∑
m=0
(
n
m
)(
k
n
)m (
1− k
n
)n−m
= g˜0(z)+ 1n
n∑
k=0
φk(z),
Tn g˜1(z) = g˜1(z)+ 1n
n∑
k=0
φk(z)
n∑
m=0
(
n
m
)(
k
n
)m (
1− k
n
)n−m
m
= g˜1(z)+ 1n
n∑
k=0
kφk(z),
Tn g˜2(z) = g˜2(z)+ 1n
n∑
k=0
φk(z)
n∑
m=0
(
n
m
)(
k
n
)m (
1− k
n
)n−m
m2
= g˜2(z)+ 1n
n(n − 1)
n2
n∑
k=0
k2φk(z)+ 1
n
n∑
k=0
kφk(z).
Since
∞∑
k=0
φk(z) = 1
1− φ(z) ,
∞∑
k=0
kφk(z) = φ(z)
(1− φ(z))2 ,
∞∑
k=0
k2φk(z) = φ
2(z)(1+ φ(z))
(1− φ(z))3 ,
we have
lim
n→∞ ‖Tn g˜ν − g˜ν‖A(D),r = 0, ν = 0, 1, 2,
and hence Tn f converges to f in A(D) for any function f ∈ Ag(D) with gk = 1+ k2.
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